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Complex Permittivity Tensor
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Abstract —Complex values of the permittivity tensor of rubber sheets
which are manufactured by the rolling process were estimated by the
least-squares method using the reflection coefficient measured for normal
incidence. First, the frequency characteristics of the reflection coefficients
of a rubber sheet backed by thin aluminum were measured from 8.5 to
10.5 GHz by changing the rolling angle relative to the incident electric
field. Next, the elements of the permittivity tensor were determined by the

least-squares method from many data of measured reflection coefficients

of the samples.

Five kinds of rubber sheets containing carbon particles or fibers were
selected, and circular pieces 30 cm in diameter were measured by this
method. The complex permittivity tensors including off-diagonal elements
were thus obtained, and the principal directions of the tensor were calcu-
lated from the measured permittivity tensor. The following facts were
found through this analysis: The permittivity element in the rolling direc-
tion is about five times larger and the off-diagonal elements are small
compared with the diagonal elements. The principal direction of the real
part is different from that of the imaginary part for a certain kind of
rubber sheet mixed with carbon particles.

I. INTRODUCTION

UBBER SHEETS mixed with carbon fibers or carbon

particles can be applied to wave absorbers or shield-
ing materials [1]. However, these materials usually have
anisotropy which comes from the rolling method of
manufacturing, because the carbon particles or fibers tend
to be aligned along the rolling direction.

The complex permittivity tensor therefore needs to be
estimated in many practical applications. In the microwave
frequency range, the measurement method of tensor per-
meability of ferrites by means of the perturbation of cavity
resonators has long been the subject of detailed investiga-
tions [2], [3]. However, these methods cannot be applied to
measure the permittivity tensor of these lossy sheets be-
cause its tensor is the symmetric tensor described later.

In this paper, the complex permittivity tensor of several
rubber sheets were estimated by the least-squares method
using the absolute value of reflection coefficient measured
for normal incidence. Five samples were selected and
measured by this method. The tensor, including off-diago-
nal elements, was measured and the principal directions of
the tensor were calculated from its measured elements.
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(a) Lossy anisotropic sheet (b) Direction of incident electric
field.

Fig. 1.

II. METHOD OF ANALYSIS

A. Analysis of Reflection Coefficients

In order to measure the tensor of the anisotropic sheets,
the reflection coefficients from these sheets backed by a
metal plate must be analyzed. The coordinate system for
analysis and the direction of the direction of the incident
electric field are shown in Fig. 1, where the direction of the
X-axis is taken in the direction of rolling. The permittivity
tensor of the sheets is assumed to take the form shown in
(1), because these sheets are manufactured by the rolling
method, and are therefore anisotropic only in the X-Y

plane
€, € O
€=|¢éy € O (1)
0 0 €5
where €p=¢€y

where the subscripts 1, 2, and 3 denote the direction of X-,
Y- and Z-axes.

First, substituting (1) into Maxwell’s equations and
eliminating - the transverse components of the magnetic
field, the following differential equation is obtained for the
rubber-sheet region:

% _

- E = o, [E)E, @

where €, is the dielectric tensor which has elements ¢, (i,

Jj=1,2), and the subscript ¢ denotes the transverse compo-
nents. ' :
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To solve this differential equation, the transverse com-
ponents of the electric field are assumed to take the
following form:

—

E = [jl]exp(—rz)exp(jwt) (3)
where A4, and A, are amplitude coefficients of E, and E,
and r is the propagatlon constant.

Next, substituting (3) into (2), an eigenvalue equation is
derived and four eigenvalues r™ (m=1---4) are ob-
tained from four-dimensional simultaneous equations
which appear in the process of solving it. Then, E,and E,
are expressed in terms of the eigenvalue r(’")(m 1. 4)

= Z BA{™ exp (— r™z) (4a)
m=1
4
E,= ) B"A{exp(—rz) (4b)

m=1

where A{™ and -A{™ (m=1---4) are eigenvectors for
eigenvalue ™, and B (m =1 - - - 4) is the weight coeffi-
cient determined later. H, and H, are obtained by sub-
stituting (4a) and (4b) into Maxwell’s equations

= / Z B™AGrMexp (- r™z)  (Sa)
ZO 0 m=1
4
H,=- Y, B™MAM™rMexp(—ri™z) (5b)
Zoko m=1

where k, and Z; are wavenumber and characteristic im-
pedance of free space, respectively. Using the above analy-
sis, the electromagnetic fields in the anisotropic sheet are
assumed.

Next, electromagnetic fields outside the rubber sheet
(z < 0) are assumed to take the following equations:

(6a)

(6b)

E,,=Eg [sinﬂexp(— Jkoz)+ T, exp (jkoz)]
Ero= Egeloostenp(= koz) + Loxp (Jloz)]

E.

H,= —f [cosBexp (— jkoz)— Texp(jkoz)]  (6¢)
0

¥y

H, = D
x0 Zo

~sinfexp (— jkoz)+T,exp(jkoz)] (6d)
where E, . is the amplitude coefficient of incident electric
field, and T, and T, are the reflection coefficients of the
direction of X— and Y-axes.

From the fields described above, the reflection coeffi-
cients are calculated by applying the boundary conditions
that are the continuation of tangential field components.
Imposing these boundary conditions on (4a)—(6d) and
rearranging these equations on I, T,, and B, the

following simultaneous equation is obtained:

0 0 A™exp(—r™d)) (T, 0

0 0  Afexp(-rd)|| T, 0
-1 0 A B® cos 0

0o -1 A§™ BO| | sing

0 =k, JAS™r (m B® —kgysind
ky 0 — Ao || p@ ko080

(7).

where each of the third column elements is a row matrix
and E,_ is assumed to be equal to 1. Then I, and T, are
obtained by solving this equation. Finally, using the calcu-
lated I, and T, the reflection coefficient of the direction
of angle @ is calculated by the following equation:

I'=(T’cosd+ Iy sinf)+ j(T}cosf + [)’sinf) (8)
where ‘
T,=T/+ T
T, =T+ T},

B. Analysis of Tensor

Each element of the tensor is calculated by the least-
squares method using reflection coefficients calculated by
the method described above. First, the function F defined
by the following equation is introduced:

N

A 2 ,
F(£17527"'7€6) = Z (X,,—X,,) (9)
v=1
where
—2010g| alclw Xy=2010glrmeas|v

where €,(§=1---6) are the real and imaginary parts of
the tensor elements to be determined, and N is the number
of data. |I'_|, is calculated theoretically by the analysis
described above. (T easl,,, which is the absolute value of the
reflection coefficient in the same direction as the direction
of incident electric field, is measured by changing the angle
6 between the direction of electric field and the X-axis.

At the same ume, function f, is defined in order to
obtain €, (§=1- . 6) by the least—squares method

oF
im5m=0  (§=1~6). (10)
€
The Ae; (the correction to ;) is obtained by solving the
following simultaneous equation when the initial values ¢}
of €, are given:
(2]

[a,][A¢] = (1)

where

é?fg
a&n 36 ome

b= — f(€},€),...,€5) (£=1~6,7=1~6).
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Here, the error which is contained in the most probable
values €, is calculated by the following equation because
it is considered that the main error comes from the mea-
surement of |I,.l;

N
o= L (o) (12)

where
Ao =€ (X, X),-+, X, +0,-

o=/S/(N—6)

and where o is the average error which is calculated by
square residual S.

"y XN)_€05

III. SAMPLE AND MEASUREMENT METHOD

Five kinds of rubber sheets containing carbon particles
or fibers were selected for the experiment. Samples Al,
A2, Bl1, and B2 are those containing carbon particles and
sample C is the sample containing carbon fibers, where the
manufacturing lots of A1 and A2 are different, as are
those of Bl and B2. Table I shows the thickness and
content of these samples. The diameter and length of the
mixed fibers are about 18 and 370 pm, respectively, and
the diameter of the mixed particles is about 20 ~ 60 pm.
These samples were cut from the sheet in the form of
circular pieces 30 cm in diameter and were backed by thin
aluminum (Fig. 3).

The short-pulse method was used in the anechoic cham-
ber in order to increase the accuracy of measurement for
the absolute value of the reflection coefficient |I',., |, [4],
[5]. Fig. 2 and the accompanying photograph (Fig. 9) show
a block diagram of the measurement of |I', |, and the
state of measuring. In the experimental setup, in order to
reduce the influence of background scattering and antenna
coupling on a received signal, we use a transmitted pulse
having 10-ns duration and a receiving time gate of around
10 ns, and use the separate parabolidal reflector antennas
for transmitting and receiving. The reflector diameter is
60 cm and the beamwidth of the antenna is about 4° at
9.0 GHz. The distance from the antenna to the sample is
about 14 m for plane wave incidence. A background noise
of the measuring system is 60 dB smaller than the reflec-
tion of the metal plate which has the same size as the
rubber sheet. Using this system, the absolute value of the
reflection coefficient |I',|, was measured by changing
the frequency at intervals of 0.1 GHz and the rolling angle
relative to the incident electric field at intervals of 15°, as
shown in Fig. 3. For sample C, the |I'.,;|, was measured
at angles 0, 30, 55, 60, 65, 70, 80, and 90° in order to
obtain a deep minimum in it.

IV. EXPERIMENTAL RESULTS

The measured values of elements ¢, (=¢] S~ Jes i
Jj=1,2) and the principal directions of complex permittiv-
ity tensor are described, where each element is expressed in
relative permittivity.
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TABLE1
PHR: ParRTS PER HUNDRED PARTS OF RUBBER

THICKNESS | CONTENT | RANGE OF

FREQUENCY
(GHz)
9.0 ~10.5 112
8.5 ~10.0 112
9.0 ~10.0 77
4.0 ~10.9 7

8.0 ~30 88

NUMBER

SAMPLE OF DATA

(nm) (phe)
Al 1.93 50
A2 2.03 50
Bl 1.98 58
B2 1.93 55
C 193 5¢

Samples for measurement.

f /A T
s6 M T Sample support
S'amp1e
Antenna
8=1.2° e
e S I (v ~
-
Recorder oy LOG Amp FET Amp PM
Antenna
Positioner
pe K 13.95m —j¢i.5m~
— B bl

Absorber

Fig. 2. Experimental setup to measure absolute value of reflection
coefficient of the sample. SG, signal generator; PM, pulse modulator;
TWT, traveling wave tube, PG, pulse generator; LO, local oscillator,
ATT, attenuator; SH, sampling hold.

Direction of rotation

Aluminum plate
(1.5mm)

v Aluminum forl
2,7

Fig. 3.

Structure of the sample.

A. Permittivity Tensor

Fig. 4(a)—(d) show the measured X, (shown in (9)) by
circles for sample A1, where the direction of the rolling is
taken in the direction of the X-axis. Using these measured
X, the values of the tensors are obtained as follows:

€, =17.16—5.88;
éyy =15.12-5.39;

é, = —0.089+0.539; (13)
where the number of data used for measuring the tensor is
112 as shown in Table I. In these figures, the solid line
shows the reflection curve calculated from the measured
tensor shown in (13) and the dotted line indicates the
reflection curve calculated from the tensor that is assumed
to have ¢, =0; €, €,, are given in the right column of
Table II. The diagonal elements ¢é,; and ¢,, of this tensor
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Fig. 4. Results of measured values and calculated values of absolute
value of reflection coefficient in sample 41: o measured, — calculated
(€1, X0), - calculated (¢, = 0).

TABLE 11
THE MEASURED TENSOR ELEMENTS

TENSOR { #,,%0) TENSOR ( £, =0)
SAMPLE - - 7 ; T

1 432 LI LT LPYY

Al 17.1820.05 15.1220.08 -0.08920.050 17.07 15.15
(-5.88+0.08)7 | (-5.3820.08)j (+0.53940.058); | -5.77; | -5.3Li

A2 ] 15.85s0.07 14.7920.05 -0.00340.058 16.71 14.81
(-8.0820.04)5 | (-5.8420008)j| (+0.80520.081)j] -5.84) | -5.43)

Bi 12.3340.05 18.5520.04 +0.00820.047 17 28 16.53
(-5.73£0.08)i | (-5.510.03)j | (-0.018=0.015)j| -5.75) 5.51)

B2 | 17.2520.05 16.54£0.03 +0.01520.061 17.28 16.52
(-5.9320.03) ] (~5.4820.03)] (-6.04420.030); -5.95; 5.48,

c 118,017.88 22 0720.08 -0.485%0 947 81.37 22.19
(-65.8827.18)1 | (-4.3020.04);3 | (+0.405x0 §18)j| -68.44]| -4.28y

was measured at § =0 and 90°, respectively. It is found
that the solid line shows good agreement with those of the
measured X, but the dotted line does not agree with those
data because it is assumed that off-diagonal elements are
equal to 0. Table II shows the tensor including off-diago-
nal elements calculated by this method for the other sam-
ples. It is clearly seen that ¢;; (the permittivity in the
rolling direction) is about five times larger than é,, and
off-diagonal elements are small compared with diagonal
elements for sample C because the fibers are aligned along
the rolling direction.

Figs. 5(a)—(c) and 6(a)—(c) show the reflection curves
calculated by the measured tensor shown in Table II for
sample C and Bl, respectively. In these figures, it is found
that the X, of sample C varies significantly with the
change of angle between 55-90° because the permittivity
in the rolling direction is very large in it, and the dotted
lines are in good agreement with the data as well as the
solid line because the off-diagonal elements are small in

samples C and Bl. The errors for each tensor element,

which are calculated by using (12), are evaluated to be
within about +0.5 percent for samples 4 and B about +7
percent for sample C for the maximum element. Fig. 7
shows each tensor element measured and calculated in the
X ¥, Z coordinate system as shown in Fig. 3. In this
figure, measured values are plotted by circles and calcu-
lated values are shown the the solid and dotted lines,
where these lines were calculated by the measured tensor
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Fig. 5. Results of measured values and calculated values of absolute
value of reflection coefficient in sample C1: o measured, — calculated
(é,, X0), - calculated (€, = 0).

shown in (13). The curve calculated theoretically shows
agreement with measured values and each element of the
tensor can be determined by this method even if off-diago-
nal elements are large and the direction of rolling is not
known.

B. Principal Direction

Table III shows the principal directions of the tensor
calculated from the measured tensor, where principal di-
rection show the angle from the direction of rolling ( X-
axis). Here, the principal direction means the direction or
principal axis that corresponds to a greater diagomal ele-
ment and is defined for a real and an imaginary part of the
tensor separately. For example, the principle direction of
real part can be obtained by an angle ¢’ as follows:

—~1 E{l SiZ €,g O
R¢l EI R¢;=
2 0 ¢

7
€
€, >€>0

(14)

where

where R, is the rotation matrix of the following form:

_ | cos¢’ —sing¢’
R""_[simp’ cos ¢’ ] (15)
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TABLE II1
TuE MEASURED PRINCIPAL DIRECTIONS
PRINCIPAL DIRECTION (Deg)
SAPLE
REAL PART IMAGINARY PART
Al -2.5 -32.8
(-4.1~-1.1) {(-86.1~-29.1)
A2 -0.9 -37.8
(-1.8~1.8) | (-89.9~~35.7)
Bl 0.9 1.7
(-3.4~4.8) (1.0~11.2)
B2 1.2 5.5
(-3.3~5.9) (1.6~10.4)
C -0.3 -0.4
(-0.9~0.3) (~1.0~0.1)

e
- 6=0°
Siaf
vg o °
o' h\»\\Q'D/A(/,,ar‘cf———f_ﬂ
[&]
Q
<38+
&
4@ .
3.8 9.5 18.8
Frequency(GHz)
(@)
@
8=45°

—
=

w)
=

s
eafin]

Reflection{dB)
=

.5
Frequency(GHz)
(b)

=90°

s
EEGF\D\/
(6] o

534 r

40 .
3.5
Frequency(GHz)
©

Fig. 6. Results of measured values and calculated values of absolute
value of reflection coefficient in sample Bl: o measured, — calculated
(€15 X0), --- calculated (€, = 0).

18.9

-1

0 30 60 30
¢ {Degrees)

Fig. 7. Results of calculated permittivity tensor in sample A1: o
measured, — calculated, --- calculated.

Errors in the angle are calculated from the errors in each
element of the tensor as shown in Table II. The following
facts are apparent from this table: The principal direction
of the real part is different from that of the imaginary part
for A1 and A2. The principal direction of the imaginary

Carbon particle

— Rolling
direction

Fig. 8. Model of inner structure for sheet.

TABLE IV
TENSOR AND PRINCIPAL DIRECTIONS AS A FUNCTION OF
FREQUENCY (SAMPLE: A1)

RANGE OF TENSOR PRINCIPAL DIRECTION (Des)
FREQUENCY - -
(GHz) i, H 1 REAL PART | INAGINARY PART

9.0 ~10.0 | 17.22° | 15.18 | -0.088 2.7 -33.4
-5.905 | -5.42j| +0.562j

9.0 ~10.5| 17.18 15.12 | -0.089 -2.5 -32.8
-5.88j | -5.395 | +0.538j

9.5 ~10.5| 16.87 15.07 | -0.088 -2.0 -32.9
-5.843 ) -5.39)  +0.584;

part is oriented at —30 ~ —40° to the rolling direction.
The principal directions of the real and imaginary parts
almost agree with that of the rolling direction for the
carbon fiber mixture. The errors in the measured principal
directions for the real and imaginary parts are evaluated
within about +5° as shown by parenthesis. Fig. 8 shows a
model of the inner structure for the sheet containing
carbon particles. Here, each particle is aligned almost
along the direction of rolling through the rolling process,
and they cling to the polymer chain that spreads like a
branch. As the current flows along the branch, the prin-
cipal direction for the imaginary part may be oriented to
the direction of the rolling. Table IV shows the tensor and
principal directions measured by changing the range of
frequency. It is found that the tensor element values for
the three frequency ranges agree well and the error which
is caused by the frequency dispersion of the material is
small for these sheets.
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M

Fig. 9 (a) Setup and (b) sample support for measuring the absolute
value of the reflection coefficient. -

V. CONCLUSIONS

The measurement of the. complex permittivity tensor
using the absolute value of the reflection coefficient at

normal incidence was described. Five samples containing

carbon particles or fibers were measured by this method.
The tensor including off-diagonal elements was obtained
and the principal directions were calculated from the mea-
sured tensor elements. Errors in the principal direction for
the real and imaginary parts were evaluated within about
+5.0°

. The measurement method descnbed in this paper is
considered to be useful for demgmng a wave absorber or
effective sh1e1d1ng
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